A\
A \
/ = \\ \
A

/
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

I \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

TRANSACTIONS

PHILOSOPHICAL THE ROYAL
OF SOCIETY

The Distribution of the Magnetic Field and Return Current Round
a Submarine Cable Carrying Alternating Current. Part 2

S. Butterworth

Phil. Trans. R. Soc. Lond. A 1924 224, 141-184
doi: 10.1098/rsta.1924.0004

Email alerting service Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand
corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1924 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;224/616-625/141&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/224/616-625/141.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

A
/A A
a

A

THE ROYAL |
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

,,
f

A
S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

[ 141 |

IV.—The Distribution of the Magnetic Field and Return Current round a
Submarine Cable carrying Alternating Current.—Part 2.

By 8. Burrerworts, M.Sc., Admiralty Research Laboratory, Teddington.
Communicated by F. . Swrr, F.R.S.
(Received April 4,—Read May 31, 1923.)
[PLATES 1-4.]

1. Introduction.

The following theory of the distribution of magnetic field above a submarine cable
carrying alternating currents was developed at the suggestion of the Admiralty, and
the experimental verification of the theory by means of a model was carried out at the
Admiralty Research Laboratory, Teddington. The results are published by permission
of the Admiralty. I have also been allowed to make use of the results obtained by
Dr. €. V. Dryspavn in a research carried out on the Gareloch in order to compare the
theory with measurements made on the sea. In 1897 Mr. C. S. WrirTeEHEAD* published
a theory giving the effect of a plane conducting sheet on the field due to a circular
current. His results, however, are not in accord with experiment, and it may be shown
that his mathematical analysis is unsound. More recently M. AsramAMT has determined
the distribution of current stream lines in a thin conducting sheet due to various sources
of alternating current. His results, however, do not cover the present case.

I. THEORETICAL.
2. General Equations Sfor Field due to a Submarine Cable.

Take the vertical line through the cable as the axis of y and a line on the bed of the
sea perpendicular to the cable as the axis of » (fig. 1). Let D be the depth of the sea

K TN

p

T

c } * Flg.l.

E)
* ¢ Phil. Mag.,” vol. 44, p. 154 (1897).
T ¢ Zeit. Math. u. Mechanik,” vol. 2, p. 109 (1922).
VOL. COXXIV.—A 619, U [Puablished, April 14, 1924,
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142 MR. S. BUTTERWORTH: DISTRIBUTION OF THE MAGNETIC FIELD

and suppose at first that the cable is buried at a depth @ below the sea bed. Then if
E be the rotor representing the induced electric force parallel to the cable, P, Q the rotors
representing the horizontal and vertical components of the magnetic field, we have
from the electromagnetic relations

ok . B _ . aQ P __ '

o 0Q, T joP, 2 3y =4kl . . . . .. (1)
in which £ is the conductivity of the sea, /2w the frequency (f) of the alternating
current in the cable and j is the operator rotating through a right angle.

Eliminating P, Q

2k , 2K
b =AK. .. ... .. ... ..
22 2R (@)
in which
A =dnkoj =8r%/I2 say . . . . . . . ... .. (3)

Here L2 is written for 1/kf so that L represents the wave-length of electromagnetic
waves of frequency fin an unlimited ocean of conductivity %.

In the present problem, K must have even symmetry about the axis of ¥ and must
therefore be capable of expression as the sum of normal solutions of (2) of the type.

E, =B+ C) cosmz . . . . . ... ... (4)
where m is a variable parameter,
m'2 = m2 4 A2
and B and C are functions of m.
Since K is finite at all points above the sea and since A = 0 above and below the sea
the appropriate normal solutions to use are

(@) y=D to y = infinity,

E, =A™ COS ML . . . . . oo (5)
0) y=0 to y=D, :
B, =B 4 C") cosma . . . ... ... (6)
(¢) y negative,
E,=®c™ -+ cosma. . . . . . I )]

The five functions A, B, C, B’, ¢’ are not independent as there are four bdundary
conditions to satisfy, viz. :—E, dE/oy are continuous both at y = 0 and y = D. These
conditions lead to the following equations expressing A, B, C, C’ in terms of B’ :—

A dmm/ P C' _ 2A%sinh m'D )
B~ a B~ A l .
: e e e (8)
B 2m(m + m) & C _ 2m(m —m)e?
B A OB A J
A= +mp? —m —mPEe™ Lo (9)
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AND RETURN CURRENT ROUND A SUBMARINE CABLE, ETC.

We have still to determine the form of B” suitable for the present problem.
If the conductivity of the sea were zero, equations (8) would give

0=0=0, A=A=PF

so that the electric force would be expressed by

at all points.

A A

E,=B¢™cosme . . . ... 0L L.

(10) is therefore the form of the undisturbed electric force giving rise to the system (5),

(6) and (7) when the sea is of finite conductivity. To find B’, the undisturbed distribu-

flowing from the observer) has components

_ 2l (@ + ) Q= —— 21z
&+ yF 2 (@ Fyp o

SOCIETY

at any point z, y in fig. 1.
These expressions may be written

OF

P = 210( @) cos max dm \!

tion due to the cable must be expressed as a series of which the general term is of
the type (10). Now the magnetic field due to a long cable carrying current I, (and

R 0 :
Lo

Q=— QIOJ @+ gin max dm J
0

so that by (1) the field components are derived from an electric force

E = 2j0l, f @) cosmydm/m ... oL L

®
0

The integrand in this expression must be identical with (10) so that

B/;_—_.Oj(x)IOe"nmdm/m. PR e e e e e e e e

A A

a below the bed of the sea,
(@) above the surface of the sea

€»

0

SOCIETY

(b) below the surface of the sea
) E=E +E,
in which

®©

E = 43'0310_[ (m” - m) e ¥ cos ma dm[A
0

OF

B, =4 jcl)IoJ (m” — m) e P cos ma dm/A
0

U 2

Writing down the corresponding values of A, B, C from (8), 'in,serting in (5) and (6)
and integrating from 0 to infinity we have for the electric force due to a cable at a depth

E=38 ijof m'e e =" cogsmpdm/A . . oo oL
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144 MR. 8. BUTTERWORTH : DISTRIBUTION OF THE MAGNETIC FIELD

It is seen from (14) that if @ be diminished and y increased by the same amount, the
electric force is unaltered. In the corresponding case of a non-magnetic conducting
plate this change is equivalent to a motion of translation of the plate. Anticipating
a result to be obtained in Section 3 it may be asserted that a rotatory motion of the
plate about an axis parallel to the cable will merely alter the direction of the field acting
at a fixed point on the far side of the plate provided that the distance between point and
cable be not too small.

Hence in shielding apparatus from the disturbing effects of a system of parallel cables,
the position of the plate is immaterial so far as screening efficiency is concerned.

FieLp ABOVE THE SURFACE OF THE SEA.
3. Field at Large Distances from the Cable.

Suppose the cable is situated on the bed of the sea and let the origin of co-ordinates
be transferred to the surface point (O, D). Then (14) becomes

= Sij,j W cos ma dmja. . . .. ... (16)

Now although the integration with respect to m extends to infinity we may for large

values of y regard / as small because of the factor =¥ in the integral. Neglecting m
in A/m’ we have A/m’ = 2A sinh AD and

. %1

Vi

(17

= re“”'” cos ma dim — —=. ol, gy 4jol, cost

A sinh ADJ, A sinh AD a2 42 Asinh AD r
where 72 = 22 -} 32, tan 6 = x/y.

Again whether y be large or not E satisfies LapLAcE’s equation, has even symmetry
about the axis of y, and vanishes as r approaches infinity. Hence E must always be
of the form E, cos 0/r 4 E, cos 20 /1% 4- ... settling down to E; cos 0/r when » is large.
It may therefore be asserted that the result (17) holds for large values of 7 even for points
on the surface of the sea.

The values of the components of magnetic field corresponding to (17) are

41 cos 20
2 , Q=

. 41, sin 20
" A ginh AD 2

" A sinh AD  #2 - - - (18)

These values are such as would be produced by a vertical current doublet of moment
21,/A sinh AD situated at the surface of the sea. The lines of force at distant points
are arcs of circles having their centres on the y axis and all passing through the origin
so that the angle which the field makes with the horizontal at any point is double the
horizontal angle of the radius vector drawn to the point. - The amplitude and phase
of the field are given by the formula

H = 4l,/Ar?sinh AD  in which  A?D? = 8n2jD?/L2 = 2jy* (say) . . (19)
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AND RETURN CURRENT ROUND A SUBMARINE CABLE, ETC. 145

When AD is small
H = 4T /A2Dr® = — 251D /y2r2 = — jHD/ry2 . . . . . .. (20)

where Hj is the undisturbed field (21y/r). Thus the field is in quadrature with the current
and its amplitude is obtained by multiplying the undisturbed field by D/ry? = L/4=2Dr.
For moderate values of AD (20) must be multiplied by AD/sinh AD, the amplitude

of which is U == 2y (cosh 2y - cos 2y)* and the lagging phase tan-1(cosh v tan y) — 7—;

Thus if

D

o
b

S 1 3 1
2,”: L 8 4 g :

ROt

ey

U=0-995 0-887 0-631 0-383 0-120 0-033.

Kquation (20) may therefore be used with fair accuracy if D/L <0-2.
When AD 1s large
H= SIoe"AD/A’}"g = 4\/§IoDe—ye_j(y+"g)/Y7'2 ........ (21)

The field ampliﬂude is now 21/21,Lie™ 2" [ms2 and the lagging phase = (2D/L 4 1).

4. Range of Distant Field Formule.

If we expand m’/A as far as m?, substitute in (16) and integrate we find

g 4ol (:cos 0  2coth AD cos20 {3 - coth AD (AD — 8)} cos 30] 22)
LT RS AD | v A T

For small values of AD the coefficients of the FoOURIER series are

1 2 8
r ADy? A3Dy3

or in terms of wave-lengths the amplitudes of these coefficients are as
1:12/4n2Dr : 2/2xD L (12 J4m2Dre. . . . . . . ... (23)

If the second term is small so also will be the third as 1/L is small. Hence when
D/L is small the distant field formula will hold if L2/4n2Dr is small. Since, however,
the second term has an imaginary coefficient, the first effect of diminishing distance is on
the phase of .  We may make 12/4=?Dr as great as 0-1 before the amplitude of E
departs appreciably from that given by the first term. For 1 per cent. accuracy in
amplitude 7 must be greater than 12/4D. For large values of AD the coefficients are

1 2 D
Y A AR

Thus if the depth is large the third term may be as important as the second.
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146 . MR. S. BUTTERWORTH : DISTRIBUTION OF THE MAGNETIC FIELD

The limiting distance is now given by 1/Ar small and the limiting depth by D < 2¢.
The former condition will hold to 5 per cent. if » exceeds 3 wave-lengths. The criteria
for the application of the distant field formule are therefore

D/L  small »>12/4D
D/L large r>3L, D<2r '

5. Fueld above the Sea at Low Frequencies—The Lamina Theory.
Let the following substitutions be made in equation (14)

y=s:sD, w=1tD, AD2=Fk mD=% mD=E8, w=s+a* . . (25

so that
EremEl L L (26)
Then _ |
E= 4:.7'@10[ ¢ ¥ cos £¢ . d& [ = real part* 4'7'0)19}’ T E. L. (27)
0 0
in which

Boos {(B7 | B) & (B ERGEELRE LLL(28)

Since at low frequencies D/L is small, % is small, so I will be expanded in ascending
powers of & yielding

Y
F=22+k+%k2<%—212- L-é—>+ R 1))

The last recorded term in the series is merely to be used to estimate the error involved
in ignoring this and succeeding terms. The coefficient of £ may therefore be replaced

by its maximum value which occurs when & = 0 and 1s then equal to §. With this

assumption we may write
F=254k+82 .. 0000000 (30)

or .
11 i

F 25k 6(2+hk

Inserting in (27)

E = real part 4501, ( ¥ + R %%) Ce e Coe . (892

in which .
me_wé' E, o6
yl—JUm......... e e e e (u.))

Now using the substitutions 2£== — juk, w& = qu so that by (25) and (3)
g=47D (y+@)[I2 =0 4w say . . . . . . . . . (34

% Nole.—1 represents a ““space ” rotation and j a “ time” rotation. “ Real part” is in regard (o
N

complex quantities involving ¢
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AND RETURN CURRENT ROUND A SUBMARINE CABLE, ETC. <147
we obtain
[ gy — 1 (4G >
Yy = % JO “’Hd 1 <d_q +5G), ..o . (35)
in which
G=| ST du
X L 1 H{_ e du (36)
Also
dy ¢ dy,
172%Y 1, 1
ok it~ % dg
and '
dyy _ _;A<d2G G\ 1, ~d_G>~__L :
e (GG 2(q G )= =50 i
Hence the last term of (32) is by (19)
. 2 . :
L3l =vdi—ta). ... .. BN € 1)
To the order of the approximation we now have
B ==real part — 2jol, {<‘% +7G> (1 — Ly2q) + %j‘yé}, N 1))
or if the last term be ignored
CE= (—-) 2J0ly (Vg -+7Gg). . . . . . . . ... (39)

The components of magnetic field follow by dlﬁerentlatlon using (1).
Remembering that

B _ L oE_ ¥ Q]_E
o ‘o~ D oq’
we have
P = real part 2I]%Y2 G— — G+ jG’» )
/
L e (40)
Q = imag. part 2Loy 2( — G-+ jG’) |
D \q J

Thus the electric force and field components are defined in terms of the single function
G given by (36).
Since the undisturbed field is given by

Po —l" ’L-QQ == QIoYz/Dq ............. (4:].)

equation (40) shows that the phases and amplitudes of the ratios of the modified and
undisturbed field components are functions only of the two variables 8 and « of equations
(34). If these quantities are plotted on a single diagram with « and B as co-ordinates,
this diagram may be made to represent a space diagram at any frequency, conductivity,
or depth (within the prescribed limits) by mere adjustment of scale, unit length in space
being represented by 2rnkoD on the «,  diagram. See Charts1,2,3, 4 (Plates 1 and 2).
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148 MR. 8. BUTTERWORTH : DISTRIBUTION OF THE MAGNETIC FIELD

The approximate results (39) and (40) would have also been obtained if we had
replaced the sea by a lamina of infinitely large conductivity and infinitely small depth,
the product of conductivity and depth being finite and equal to that for the sea.

For brevity the results deduced from (39) and (40) will be referred to as those obtained
by the lamina theory.

6. Formule for the Evaluation of G (¢) and G (g).

The function G is defined as a definite integral in (36). By differentiating twice with
respect to ¢ we find G = 1/¢ — G, so that all the differential coefficients of G may be
expressed in terms of G and G”.

When ¢ is real (= 8), (36) may be converted into sine and cosine integrals, giving

G- (8) = sin B3 (8) + cos BJ———S@(l )} }

(¥ (B) = cos 8C5 (B) — sin p {g —Si(e) {

Now the sine and cosine integrals Si (g), Ci (g) are tabulated* so that (42) may be
used to compute the field vertically above the cable. (See Table II. of Appendix.)
Also when ¢ is imaginary (= 7«) '

Gha (in) = 5 ¢ = G (i) Wl
Gy (12) = 1 {Bi (— o) — e Ei ()} :I Ce (43)
Gy (1) = 4 {Bi (— @) + < Bi ()} )

the subscripts denoting real and imaginary parts, and Ei(«), Ei(— «) being the
exponential integrals.

These formulee have been used to compute the field on the surface of the lamina.
(Table III.) .

When g is complex no tables are available. However if |¢| is not too large, the following
series (derived from the exponential integral series) may be used—

G(q):—cosq+(logq—0422784)smq+<~>f3 ( )f_}_< >f_~, (44)

’ - —_— . —— 1 _q‘_ > — /_.._ ‘
G’ (9) = 1 4 (log ¢ — 0-422784) cos ¢ sin. g —}—<1. > fe <19 > 7 (45)
in which

fo=Ti (b4 )

* (ILAISHER, ‘ Phil. Trans.,” vol. 160, pp. 367-387 (1870). DaLE’s Tables, pp. 85 and 86.
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From these formule Tables IV., V., VI., VII., have been computed, giving the values
of the field components in directions inclined at angles 0, 15, 30, 45, 60, 75, 90 degrees

to the vertical with values of R (= +/B? - o2) ranging from 1 to 10.

7. Charts embodying Results of Lamina Theory.

If horizontal traverses were made measuring the in-phase and quadrature components
of the horizontal and vertical magnetic field in the air above the cable, curves could be
drawn connecting these components with horizontal distance z for various values of
vertical distance y. These curves could be employed to construct four surfaces or
models in which the co-ordinates would be z, y, and the field component in question.
Such a set would be required for every combination of frequency and depth. If,
however, we measured each field component in terms of the undisturbed field at the
same height vertically over the cable (viz., in terms of P, = 2I,/y) and replaced the
co-ordinates =, y by « = 4n2Dx /12, § == 4n*Dy/12, then the lamina theory shows that if
D/L is not too large, all the models corresponding to a given field component should
be alike, so that only four models are necessary.

Charts 1, 2, 3, 4 give the plans of these models as predicted by the lamina theory
They have been constructed from Tables IV.—VIIL. by graphical interpolation. Chart 1.
gives the lines Py/P, constant where Py is the in-phase component, of the horizontal
field. Over the cable, Py/P, falls continually from unity. The line Py = 0 tends
asymptotically to the line tan™ «/f = =/6 and there is a maximum negative value of
Py/P, of amount 0-09 when « = 1-42, § = 0-50.

Chart 2 gives the lines P;/P, = constant, P; being the quadrature component of the
field. Over the cable P;/P, rises to a maximum negative value 0:-35 when 8 = 0-8
and then falls continuously. There is a small maximum positive value at the
point « = 3-8, p ==1-25. The line P; = 0 tends asymptotically towards the line
tan™ a/p = =/4.

In Chart 3, the maximum value of Qy/P, for horizontal traverses occurs along the
line @, tending asymptotically towards the line tan™ «/f = =/8. A secondary maximum
of opposite sign occurs along the line b tending towards tan™ «/8 == 3= /8, while the line
Qr = 0 tends towards tan™ o/ = =/3.

In Chart 4, the line ¢ represents the locus of the maximum values of Q;/P, for horizontal
traverses. 'The line ¢ is identical with the line Py, = 0 in Chart 1.

8. Lamana Theory at Large Distances.

For points vertically above the cable, the value of G () when ¢ is large is determined

as follows :(—
* TPy
G (8) = j <P,
1) Ny
VOL, COXKIV.—A X
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150 MR. S. BUTTERWORTH : DISTRIBUTION OF THE MAGNETIC FIELD

Now the integrand is always positive and the value of 1/(1 - u?) is alternately less

and greater than
1, 1 — 2, 1 —u?+ut, ete.

Hence the true value of G (8) is alternately less and greater than

1 1 |2 1 2, |4
BoEE aete o
so that when ¢ is large, G () approximates to 1/¢.
Similarly G’ (8) approximates to — 1/¢2.
Therefore by (39)
E=20l/8. . . . . . .. .. .. ... (46

For points not on the vertical we obtain from the same argument as in Section (3),

) E=20ljcos0/R . . . ... .. ... .. (47
where :
R2 = o2 | (82, tan 0 = «/p.

~ But this is precisely the value that (17) assumes when sinh AD is replaced by AD, so
that at large distances the results of Section (3) hold, AD being small. It is there
shown that the results are valid provided that D/L is less than 0-2 so that the value
D/L=1/5 represents the limit of application of the lamina theory for large distances.

9. Lamits of Lamina Theory at Small Distances.

Confining ourselves to vertical points, divide (38) by (39). The correction factor
for the lamina theory is then given by

L— 3728 + 72 (G 4 5G).
Assuming +* small the correcting factor has amplitude
L 2 {5 — GJ(@ + G},

Now y2 == D@ /y and the least value of ¢ is y = D. In this case the correcting factor
has amplitude
| A= g {8 — GG 4 G,
from which we find
6=0-2 04 0:6 0-8 1-0 20
A=1-012 1-028 1-046 1-062 1-078 1-144
D/Li=0-071 0-101 0-123 0-142 0-159 0-225

Since the error has been over-estimated in (38) the above table shows that the lamina
theory is less than 10 per cent. in error even for points on the surface when D/L is less
than 1/6.
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FIELD BELOW THE SURFACE OF THE SEA.
10. Approximation for Moderate and Great Depths.

The expression (9) for A may be simplified if the second term is negligible in com-
parison with the first. Now the second term has its largest relative value when m = 0,
and then (9) becomes A = A2P (1 — ¢ 2*P) in which 2" is the factor introduced by
the second term. This term will have an effect of less than 1 per cent. if ¢ 2!*!” < 0-01
so that from (3) we find that if D/L exceeds 0-26, the effect of the second term may
be ignored if an accuracy of 1 per cent. is all that is required. With this approximation
equations (15) become

E, = 4jw10r ™ cos max dm/(m + m’)
’ ' . (48)

E, = 4ijoj e ™= cos max (m” — m) dmf(m - m’)?
0

wherein ¢ has also been put equal to zero so that the cable is now supposed to lie on the
bed of the sea. ’

It will be seen that the depth D does not enter into the expression for E,. In fact
E, is the induced electric force at a height y above the cable when the depth of the sea
is infinite. Also the way in which D occurs in E, indicates that K, may be regarded
as arising from a source situated at the point y == 2D that is, at a height above the sea
equal to the depth. Thus E, is the electric force representing a reflected disturbance
due to the presence of the upper surface.

In order to study the forms of the integrals (48) it is convenient to transform them
as follows :—

Put m = A sinh v so that dm = A cosh v dv and m’ = A cosh v.
Then

E, = ijIoj e"AV MY 6o (A sinh ) (1 4 ) dv,
0 4
® .. . (49)
E, = 2.7’@10[ AP sy oog (Ag sinh v) (7 - ¢ ) do,
0
or using two sets of polar co-ordinates with the poles at

y=0, y=2D, sothat y =pcosb, 2D —y=0"cos 0’, z=psin0 =p’sin 0,

E,/2jw], = real part of J’ g dpeosh 0+i0) (1 4 6;2”) dv,
ﬁ . N :10)
E2[7.(1)Io — . ), ( » 6--Ap’ cosh (9416 ; (e—2v + 6-—40) d@.
JO
The integrals to consider are therefore all of the type
I, =j g i) 2w (51)
0

X2
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in which we are only concerned with the real part and » takes the values,
0,1, 2.
To obtain the real part of (51) put

£

. . _ —onw

]_“ — €2m9‘( e Ap cosh w e niw dw
0

* \

e——Ap cosh w G-—2nw dw, ) ,
0 /

. . 0 (4] .
= (M ( zf e~ %0 cog 2nb dO ——[—J' e P50 gin 2mb 4o ,~{~j
\ ] ]

and the real part of I, is

/e ') \
cos 2%0( ( TP ORI (TR gy ‘ e M0 gin 2p0 d0 )
\v Y0 /

»

- sin 200 [ e leos 200 dH. . . . L (52)

0

11. Points Vertically over Cable.
In the case 0 = 0 the real part of I, in (52) becomes

ow
Ny —2nw ]
j ¢ Ap cosh w &2 (Z’H),
0

or upon substituting « = w -}- j=/2,

>
(M)nj Gj.\p sinh v G—‘zow du,
0

~a form of integral which may be expressed in Bessel functions and exponentials.
If this form is used in (49) (with z = 0) and the exponentials in « are converted to
hyperbolic functions we obtain for E, and E,

%0

K, = 4j0l, [ st (1 — cosh? u -+ cosh w sinh ) du

w2

»

B, =4j0l, [ esihu f1 5 cosh? 4 - 4 cosh* u

|

|

i\‘ (53)
e ~ (4 sinh® w -~ 1) cosh u sinh u} (ZuJ

Now the integral

J' et sinh COSh2" " du
Jul2

is converted to Bessel functions in Gray and MaTHEWS® ¢ Bessel Functions,” p. 61, the
real part of ¢ being negative, and the result is

1.3

: ” 5.2 —1 [/ o 7T\ N ]\
=) L log 2 — v+ 24)0,0 — Va0

where Jn, Yn are Bessel functions of the first and second kind to argument ¢, and v is
Kurer’s constant, viz.: y = 0-57722. The expression in { } is that solution of
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Bessel’s equation which vanishes for large values of the argument, and therefore will
be written K, (¢). Using this result and solvmg the remaining integrals in (53) by
elementary methods we get

4?)11 = K, () — t) -+ < -4 > it ]I
;w K<) 2ﬁ<> 24 2 Coee . (54)
12 . /___5 1t 1 2t/ _é:__4__2___~ ij) .L}J
4j0)10 - KO (t ) v + 72 <t/4 75 72 + 7 &l
in which using (3), '
t = jAp —_—j\/j_'Qx/éfr\o/L -:.j\/j'g say o
t :jAp/ :j\/j 2\/-2-7'59//11 2‘7\/3&, ........

KEquations (54) give the direct and reflected terms for the electric force at any point
in the sea vertically above the cable in a form suitable for computation when tables of
the appropriate Bessel functions are available. Now we have

Ko (jv/78) = ker? -+ j keik) )
Ky (j2/7 &) = /] (ker's - 5 kei’%) *> ........ (58)

o

|

Ky ) = 7K 1)~ Kol) |
and tables of kert, kei&, ker'%, kei's are given in © British Assoc. Reports,” 1915, p. 36,
so that there are sufficient numerical data available to regard (54) as the practical
solution of the problem for points vertically over the cable. Corresponding formule
for the field at points vertically above the cable may be obtained from (54) by differen-
tiation using (1).

Computation Formule.—Using (56) to express K, in terms of K, and K, and differ-
entiating to obtain the horizontal field we obtain the following formulee for computing
the electric force and field at points vertically over the cable.

B 58
o = K0 + (5K 0 - @ 2 Yo
O L= e
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In these formulw® ¢, ¢ are as defined in (55), A is defined in (8), the whole electric force
is given by E = E, -+ E,, and the whole field by P = P, -+ P,.
Table VIII. has been computed from equations (57).

12. Current Density Vertically over Cable.
The current density at a point at a height p above the cable is given by
t=FkE = 4:7'coch (E; /4 j0l, 4+ E,y/4jol,),
= j 20 (h1/43w10 - By /4j0l,),

since 40k = £2/mp? by (55) and (3).
Thus ¢*¢/I, is a function of £, & only, and may be calculated with the help of
Table VIII. By calculating a series of values the Charts 5 and 6 have been constructed.
Both charts are plotted with £, = 24/ 27D /L as abscisse and ¢/D as ordinates.
Chart 5 gives the lines ¢2|i| /I, = constant where |7| is the amplitude of ¢ and Chart 6
gives the lines of constant phase of current density. The results of Table VIII may
not be used when £, is less than 2-5 because of the restriction imposed in Section 10.
However, by making use of the results of the lamina theory we can obtain the starting
points of the lines at the top surface when £, is less than 1-8. Starting from these
points the unknown region may be filled in at any rate approximately using the general
directions of the known lines as a guide.

13. Horizontal Field vertically over Cable.
If P, is the undisturbed field so that P, = 2I,/p then

j\/_7€ (49/&1 +43AI >

so that P/P, is a function of &, £".

The variation of P/P, with vertical height is too rapid to permit of immediate graphical
representation, so that the following procedure has been adopted.

If the variation were that of a plane wave then (|P| being the amplitude of P) |P|/P,
would vary as ¢ *™ or |P|&™L/P, would be constant. In the actual case this is

not so, but we write ‘
F = |P|&m /Py

I is a quantity varying only slowly and is suitable for plotting. The lines ' = constant
are plotted on Chart 7. Finally Chart 8 gives the lines of constant phase for the magnetic
field (Plate 4).

In regard to the region for which &, is less than 2-5 the remarks of the last
section hold.
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14. Pounts at Large Distances from the Cable.

Returning to the results obtained in Section 10, we require the form of the expression
(52) when p is very large and 0 is nearly 90 degrees. The first integral which has been
considered in section 11 vanishes when Ap is very large in the same way as ¢ **/v/p,
while the remaining integrals which only contain ¢ in association with cos 0 do not
vanish so quickly because ¢ cos 6 = y does not vary with increase of . We need there-
fore only the two latter integrals and in these integrals we can assume 0 is nearly
90 degrees not only outside the signs of integration, but also inside, because since ¢
is Jarge the integrand is negligible except in the immediate neighbourhood of the upper

A A

limit. Putting therefore 6 = g — ¢ and assuming ¢ small, we have from (52)

T
2

SOCIETY

Real part of I, = 2n H:f pe M dp — ¢ { —apb dcp}

‘ €

¢
— Q%G—Apdr/Azpz

again neglecting the upper limit term because of the large value of Ap. Also to the

same approximation

OF

pp=rpcos =y
and
Real part I, = 2ne*v/A2e2.
Further from (50)
1, /2 jol, = 264 /A% }

Ez/Qj‘OJIO == 66“Ay1/1x29,2
For these large distances p, ¢’ may be considered equal and may be identified with

the horizontal distance z.
The total electric force K is obtained by adding E, and E, so that

A

E:%’;Iza{e—wrse-‘wm-w},. . (59)

since
y =2D —y.
Expressed in terms of depth d below the upper surface,

d=D—y

SOCIETY

and

E = % ¢™*P (2 cosh Ad —sinh Ad). . . . . . . .. (60)

By differentiation the corresponding expression for the horizontal field is

OF

P— %fg *0 (2 sinh Ad — cosh Ad). . . . . . . . T
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The vertical field is proportional to oE/ox and therefore to 1/#?, so that at large
lateral distances the field becomes more and more nearly horizontal, instead of vertical
as would be the case if the sea had no conductivity.

At the upper surface d = 0 and

E = 16]‘0)106““)//&2%2, P o= — SJ:OGW'U)/A.’Ez ........ (62)

From the last result using the value of A as given by (3) |P| the amplitude of P is
given by
P = 2V2LL
? | o ,

N (5]

The result (62) is identical with equation (21), which was arrived at from considerations
of the field above the surface of the sea. At the lower surface d =D and since ™"
1s small

E =4 jol,/A%z2, P=alg/Aer . . . . . . . ... (64)
giving

IP| = /2l Ljra?. . . . . . . .. N (53

The field at the bed of the sea is thus much stronger than that at the surface, a result
which may be of considerable practical importance.

15. Distant Fueld regarded as due to Two Plane-Waves.

The disturbances at large lateral distances may be considered as made up of two plane-
waves travelling at right angles to the bounding surface. The wave directed upwards
is specified by E, in (58) and starts at the bed of the sea with a value E, = 4 joI,/A2z?
while the wave E, travels downwards having the initial value B, = 12jol e 4P/A%2.
It is useful to consider these waves from the point of view of energy flow. The wave
E, pours energy into the sea from the bed and the wave K, introduces energy from
above. Moreover, although E, is initially much greater than E,, the wave K, predomi-
nates in the neighbourhood of the upper surface. There is therefore a comparatively
narrow region at the upper surface of the sea which is being supplied with electro-
magnetic energy from the upper air while the bulk of sea below is obtaining the energy
to produce its eddy currents from the region below the sea. The plane dividing these
two regions may be determined by a simple application of PoynTinG’s theorem, which
asserts that the instantaneous energy flow per second per sq. cm. is given by ep/4r,
where e and p are the instantaneous values of E and P. In general the energy flow may
be analysed into an alternating flow and a steady flow, the relative values of the two
flows being governed by the relative phases of E and P. Inparticular the steady flow
is zero when I and P are in quadrature. As we pass through the plane for which K
and P are in quadrature the direction of the steady flow reverses, so that to find the
plane separating the regions specified above we require the depth at which the phase
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difference between B and P becomes 90 degrees. Analytically by (60) and (61) we

require the condition that
' j 2 cosh Ad — sinh Ad
A 2 sinh Ad — cosh Ad

shall be purely imaginary.
Putting Ad = 4 (1 +7), in which # = 2rd/L, and equating the real part of the above
expression to zero, the condition becomes

4 sinh 29 —4 cosh 27 4+3s8in2q=0 . . . . . . ... (66)
giving, by trial and error,
7= 0-2885 ;
so that the depth d required is
d = 0-0459 L.

For example, if the resistivity of sea water is 25 ohms per c.c. and the frequency of
the electro-magnetic waves is 500 = per second, L = 1/ ;77:: 70-7 metres, d = 325
metres. ‘ :

Thus the eddy currents in the first 3-25 metres of the sea are produced by energy
derived from the upper air, while the eddy currents in the remaining portions of the
sea derive their energy from below.

16.. Variation of Iield and Current Density with Depth.

The following results have been derived from equations (60) and (61) using KENNELLY’S
tables of complex hyperbolic functions. The current density |7| and magnetic field
| P| are expressed as fractions of their upper surface value. The depth d is represented by

£ = 24/2ndL, from which the true depth can be found when the wave-length is known.

Current Density. : Field.
li| - Lag behind 1P| Lag behind
Surface Value. Surface Value.
0 1-000 0 1-:000 . 0
0-2 0-933 -+ 4-1 0-772 -+ 21-2
0-4 0-864 -+ 4-3 0-671 -- 48-1
0-6 0-788 + 32 0-734 - 74-5
0-8 0-732 — 07 0-926 - 91-4
1-0 0-672 — 76 1-159 - -+100-4
i-2 0-630 —18:2 1-402 +104-4
1-4 0-624 —31-9 1:640 -+-104-25
1-6 0-648 —48-0 1-898 -+103-9
1-8 0-728 —63-6 2-15 -+100-6
2:0 0-856 —T17-3 2:40 -+ 96-3
2-2 1-023 —87-5
2-4 1:235 —98-9
VOL., CCXXIV,—A. Y
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It is seen from the table that as we proceed downwards from the surface both current
density and field first diminish in value and afterwards rise, while the phase lag first
increases and then diminishes. As regards the variations in amplitude, the surface
value of the field will be exceeded as depths greater than 0-097 of a wave-length and
the surface value of the current density will be exceeded when the depth is greater than
0-244 of a wave-length. At a frequency of 500 per second the wave-length is 70-7
metres if the sea has a resistivity of 25 ohms per c.c., so that the depths to be used in
order to obtain more sensitive reception than at the surface must exceed 6-8 metres
when receiving by field and 17-2 metres when receiving by current density.

IT. EXPERIMENTAL.

STtupY oF FIELD DISTRIBUTION ABOVE THE SURFACE OF THE SEA BY MEANS
oF A Leap MobpEL.

1. Principle of Model.

If a long straight cable carrying alternating current is covered by a large non-magnetic
conducting sheet then, if we confine ourselves to distances which are small compared
with the wave-length of electromagnetic propagation either along the cable or in the
air, the reduction of field at any point due to the eddy currents induced in the sheet
depends only on the frequency (f) of the current, the conductivity (k) of the sheet and
its depth (D) which is assumed uniform.

Thus if R be the reduction factor

R=F@&LD) . . . o oo (1)

Since R is non-dimensional every member of the right-hand side of (1) must also
be non-dimensional. This can only be so if %, f, D are always associated in the form
kfDe.

Therefore at a fixed point R = I (£fD?) or putting 12 = 1/kf so that L is a length
depending only on the material and frequency

R=FMDML) ... ... ... ..... 2)

Extending to all points and remembering that the field will not vary élong lines parallel
to the cable
_p(z 4D
R__E(L,L,L> ............. (3)
where z, y are co-ordinates in a plane perpendicular to the cable.
Thus a reduction factor determined at a given point using one material may be applied

to a corresponding point using another material provided that /L, y/L, and D/L are
the same for both materials.
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This principle may be used to construct a model for studying on a small scale the
distribution of magnetic field above the surface of the sea due to a submarine cable
carrying alternating currents.

All that is required is that the ratio of the characteristic length L for the material
chosen to the thickness of the material shall be the same as that for the sea. Since L2
is proportional to the resistivity of the material at a given frequency a model for which
1 millimetre will represent 1 metre may be constructed if we choose a material whose
conductivity is one million times that of sea-water, and as lead is suitable for other
reasons the following experiments were carried out, using lead to represent the sea.

It may be noted that the characteristic length L is the wave-length of plane damped
electro-magnetic waves propagated at frequency f through an infinite medium of con-
ductivity k.

2. Quaniities to be measured.

The field at any point in the air above the cable is determined by four quantities,
viz. : the amplitude and phase with respect to the cable current of the field components
parallel and perpendicular to the sheet. Actually it was found more convenient to
measure the in-phase and quadrature components of the horizontal and vertical field.
Denoting the former four quantities by P, ¢p, Q, ¢4, and the latter four by Py, Py, Qr, Q1
we have

‘ Pr =P cos ¢, Qr = Q cos ¢,
Py = P sin ¢y, Q; = Qsin $q

In expressing the results sometimes one and sometimes the other system is used
according to convenience.

- (4)

3. Method of Measurement.

A search coil placed in the alternating field above the sheet will have induced in it
an electromotive force proportional to the current in the cable and bearing a definite
phase relation to the current. If in the search coil circuit we induce an equal and
opposite electromotive force from the same source there will then be no action on a
detecting instrument included in the circuit and the balance will be independent of
fluctuations in the source. The known value of the latter electromotive force gives the
induced electromotive force in the search coil, and the mean field normal to the plane
of the search-coil follows from the formule

E=oHA . . .. ... .... .. )

in which E is the measured electromotive force, »/2r the frequency, A the effective

area of the coil, and H the field required. The phase of the field is 90° ahead of the

electromotive force. The field so measured will include stray fields and may be in error
Y 2
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due to capacity currents flowing through the search coil circuits. Both these errors
should be eliminated by using the following method.

With the search coil in the circuit but with the cable not in, let two balanced electro-
motive forces be impressed on the search coil circuit. Let current flow through the
cable and readjust one of the electromotive forces for a new balance. Then the change
“ required gives the electromotive force due to the introduction of the cable field into the
search coil.

This method was realised in the manner shown in fig. 2. When the switch is at the

@

\_/
Flg. 2.
’\/\’W
R
Auxiliary
Balance.
. Sheet Lead ‘
Cable
o j m
Al
Vaeacasid
: )

point 2, the main circuit acts on the telephone circuit through three couplings :—
(1) from cable to search coil giving electromotive force K ;
(2) through the adjustable slide wire ¢ and mutual inductance m giving electro-
motive force
E, = (o +jom) 1
(3) through the resonating circuit L C of total resistance S, which is coupled to the
' main circuit by the mutual inductance M’ and to the telephone circuit by the
pair M, R. This system impresses an electromotive force
jo M’

B, = S (R +joM)

on the telephone circuit when w?LLC = 1.

The resonance condition is not essential as E, is merely required to give an auxiliary
balance. It is, however, convenient in predetermining the value of E, to balance E,.
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The condition may rapidly be secured by making ¢ = 0, M = 0, and adjusting R and L
for balance. '

The system is earthed at the point shown in order to keep the telephone circuit at
earth potential, and thus to eliminate troubles due to capacity currents between the
telephone and the head of the observer. ‘ _

In making a measurement o, 7 are placed at convenient values and with the switch
at 1, B, is adjusted for balance. The cable current is then switched on and o, m are

readjusted for balance to the new values ¢’, m/.

We then have ‘
E={6—6¢"+jom—mHI} . . . . . ... ... (6)

so that by (5) if Hg, H; represent the in-phase and quadrature components of the field
to be measured

Hy= (o —m)TjA, Hi=(c—o)TjoA . .. .. C. (D)

4. Details of Apparatus.

The cable was represented by 2-5 metres of No. 27 D.C.C. wire over which was placed
a large sheet of lead of area 225 cm. X 119 cm. and 0-39 cm. thick in the region of
measurement. The wire was parallel to the long edges and at a distance of 25 cm.
from one of them. At corresponding frequencies this sheet thus represented a rectangular
sheet of water 2250 metres by 1190 metres and 4 metres deep, having a submarine cable
250 metres from the shore. The cable was purposely placed out of centre in order to
examine shore effect. This, however, turned out to be practically negligible. By
employing higher frequencies on the model, greater depths and correspondingly greater
areas could be represented. After all observations had been taken on the thin sheet
a strip 200 cm. X 45 cm. X 0-76 cm. was added symmetrically over the table, and
subsequently a third strip of the same area and 0-73 cm. thick was superposed.

Thus the three depths represented were 4 metres, 11-5 metres, 18+8 metres, and inter-
mediate and greater depths could be represented by the principle of corresponding
frequencies.

The resistivity of the lead was obtained by sample measurements and had an average
value of 22-1 microhms per cm. cube.

The search coils were such that each turn embraced a long rectangle whose mean
width was equal to the winding length. Two were used, a small coil having overall
dimensions 20 cm. X 2 em. X 2 cm. and a turn area of 13,700 sq. cm., and a large coil
20 cm. X 3-5cm. X 3+5cm. with a turn area of 100,000 sq. cm. The large coil was used
for the measurement of the very weak fields at distant points. In all measurements
the long side of the coil was parallel to the cable and the coil could be made to measure
either horizontal or vertical field by rotation through a right angle.

It is essential that the mean field measured shall refer to a square area perpendicular
to the cable as in this case the mean field is most nearly equal to the central field.
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‘The resistance ¢ consisted of a manganin strip wound round the cylindrical surface
of an ebonite dise, the current returning by practically the same path through a similar
strip interposed between the outer strip and the disc. This arrangement made the
system non-inductive. The resistance was varied by a rotating contact, the arm
carrying the contact also carrying a pointer moving over a circular scale calibrated to
read the resistance which varied from 0-01 to 0-14 ohm. The measured inductance
of this resistance was less than 0-03 microhenry.

The mutual inductance m had a range of 10 microhenries and was subdivided to
0-1 microhenry. Readings could be taken to 0-02 microhenry. The alternating current
was obtained from a valve source and gave a primary current of approximately
0-1 ampere. Four frequencies were used, viz. —

596, 950, 1230, and 1870 cycles per second.

The system I, need not be described as its function is merely to supply an auxiliary
balance.

5. Range of Tests.

The highest value of D/L for which measurements were taken was D/L = 0-443,
using a thickness of lead of 1-88 cm. and a frequency of 1230 cycles. In the case of
sea-water of resistivity 25 ohms per cm. cable at a frequency of 500 this corresponds
to a depth of 31-3 metres or 17 fathoms, and to greater depths for lower frequencies.

The lowest plane which it was possible to explore with the coils used was at a height
above the surface equal to about half the depth of the lead.

6. Consistency Tests.

Preliminary observations were made with various positions of the source, reversing
both source and telephone connections as well as the circuit inductances. With the
small coil, these revealed no inconsistency, but with the large coil a different value of
E was obtained when the coil was rotated through 180° although the method cancels
out the effect of stray flux through the search coil in each position. The effect was
attributed to a capacity current flowing from the search coil to the sheet which altered
its path and presumably its value as the switch was thrown over from position 1 to
position 2. In fact a condenser connected from search coil to sheet increased the dis-
crepancy. Since this capacity current produces an effect in the same direction when
the coil is rotated through 180°, while the field due to the cable is reversed, the difference
between the results in the two positions should separate out an effect of this kind.
This was found to be the case when an artificial capacity effect was introduced, so the
procedure was adopted in all readings with the large coil.

7. Resulis with Thin Sheet.

Using p = 22+1 microhms per cm. cube, D = 0-385 the values of D/L for a frequency
of 1870 ~ per second is 0-112, so that the results all fall within the scope of the lamina
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theory. For points vertically over the cable the reduction factor P/P, (P, being the
undisturbed field 2I/H) and the phase angle ¢, should be functions of 8 = 4=2DH /L2
where H is the height above the cable. The theoretical values of P/P, and ¢, are given
in Table II. All the results obtained for values of p <10 are plotted in fig. 3, the full

1-0 T
o + Frequency= 596. A/L=0-063
o X " =1230. v =0-091
o Jd " =1870. no=0112
8\ TR 8
O- 3 0°
% X |
U/dr R
+ %
L
+
06 60°
se_
rp "
<
—
o
M
oy
02 h N 20°
\\.{ -
.“..wn\“a*‘-"~‘.~_‘:|~
0 2 N 6 8 10

Fig. 3. Magnetic field vertically over cable. Small values of D/L.
Full curves represent theoretical values.

|P| = Observed field. P, = Undisturbed field.

curves being the values predicted by the lamina theory. The agreement in regard to
amplitude is very marked, but the observed phase angles are on the whole distinctly
higher than the theoretical phase. Apart from the fact that the departure of the lamina
theory from the truth is initially one of phase rather than of amplitude it must be
remembered that the effect of the finite width of the sheet becomes more pronounced
as the height increases. The effect is accounted for by a small diminution of the
in-phase component of the field due to the finite width of the return current path.
For values of p greater than 10, the lamina theory gives the simple result,

P/P, = 1/8.
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The following table indicates how nearly this result is verified :—

Frequency = 1230. Frequency = 1870.
P/P,. P/Py.
H em. . H em. B.
Observed. 1/B. Observed. 1/B.

10-2 87 0-112 0-115 7-45 9-6 0-104 0-104
13-2 11-2 0-087 0-089 8-45 10-9 0-092 0-092
16-2 13-8 0-075 0-072 9-2 11-9 0-087 0-084
19-2 16-3 0-059 0-061 9-45 13-5 0-078 0-074
22-2 18-9 0-053 0-053 11-2 14-4 0-069 0-069

13-2 17-0 0-055 0-059

For points not vertically over the cable the theoretical values are obtained from the

contour diagrams shown in Charts 1, 2, 3 and 4 (Plates 1 and 2).

As a typical traverse we take the case f = 1230, and H= 1-5 cm., which corresponds

to p=1-28. The values of Py/P,, P;/P, are plotted in fig. 4 against « = 4=2Dx/I2,

—

\
b
03 i

e

ol L1
\g/o

Observed values
n ph as e{ + Wide gide

Quadm’cure{ o Wide side

x Narrow gide

oNarrow gide |

G-l \
Bt

/Z
xF
.

AN 2 X o]

0 2:5 5 75 10
o d

Fig. 4. Curves give theoretical values.

~ = 1230. Thickness of lead = 0-38; cm.

Mean height of search coil 1-4 cm. above cable.

Horizontal field
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z being the horizontal distance from the cable. The values of Qg/P, and Q;/P, are
plotted against « in fig. 5. The full curves give the theoretical values and the observed
points are marked in. The agreement of theory and practice is again very close, and
the symmetry is good on either side the cable.

‘ Observed values
+ Wide side
In phase {x Narrow side
o Wide gide
o Narrow side

0-2

Quadrature
7
O-1

T .
O K e ~+ lol s
0 25 5 7-5 10
(04

Fig.5. Curves give theoretical values.
Vertical field ~ = 1230. Thickness of lead = 0°38; cm.
Mean height of search coil = 155 cm. above cable.

For the purpose of comparing other traverses with theory the positions and values
of the various maxima and the positions of the zeroes may be used. Theory gives the
following sequence as we pass out from the vertical :—

(1) Qg is maximum.

(2) Qqis maximum and Py is zero at the same point.

(3) Py has a secondary maximum and immediately afterwards (if £>>1) P, is zero.

(4) Qg is zero and P; has a secondary maximum at the same point.

(5) Qg has a secondary maximum.

For large values of § these properties occur when the angular distances from the
vertical are

22-5°, 30°, 45°, 60°, 67-5° respectively.

The properties were tested for five traverses as follows :—

Traverse. A. I B. C. | D. : ‘ E.
Frequency . . . . 596 1230 1870 1230 1230
Hem, . ... .. 2-50 1-50 1-50 4-0 10-0
B ... .. 1-03 1-28 1-90 3-4 8-5

VOL. COXXIV.—A. Z
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The following results were obtained ~—
TravERSES over Thin Sheet. Position of Various Maxima and Zeroes.

o § ‘ N |
Qu | P Pe | 0, | B
Qr Max. S sec. | ' < ge, | Qp sec. max.
max. | zero. .| zero. zero. | ’
| max. i HﬂﬂX. |
| | | 3
; Obsd. [Theery.| Observed. |Theory.| Observed. |Theory., Observed. Theory. Obsd. Theory.
0-8 1 |10 1 1 3.7 | 4 | |
Y . . 2 - . 9 2 . : . 5 i o’ ) =
1:03 | glg 10T [ 10 108 [0y 0 e B 195
09 1-30 | 1415 20 |21 |, ., | 36|40 55 .
1-28 1 088 | 155 12 | 1 g e | 2M S gl 38 g 535
1-2 1-95 | 15 | 25 | 27 4215 | 63 .
. . . 9. .9 .
P90 g 1015 Tygs l1ss | 100 1o 12s (270 45t 6 | 03
| JE A A N i R |
. -l |
e 1200 28 |24 | 42 |38 |, 86 | 85 L. | -
3.4 1_8]18 2,842,4f252 S I I v i68]7_5 9.9
i ! i I |
| 7 | . 1 | i 7 | Y
| 36 53 | 47 8 186 | w15 RO
N 9.0 ! .12 3. 85 A ) b [
f 80y |89 | 53 |41 P12 g gy ¥ oo 0 Ty
. _ ! [ R L

The tabulated numbers give the value of « at which the particular property occurs,
the upper number always referring to the narrow side of the sheet.

Varuges of Various Maxima.

Qxr/Po. Q;/Py. Py /Py (sec.). P:/Py (sec.). Qn/Po (see.).
- B |
Observed.| Theory. Observed. Theory.| Observed.| Theory.| Observed.| Theory. Observed.|Theory.
_ 0-275 | 0-212 | .| 0084 |, 0-054 | !
108 | gloso | 08| glorg | 04206 | glacs | 0:080 | gl | 0:046 | — 1 0:009
0-206 0-216 0-076 0-052 = 0-010
1-28 0-206 0-210 0-214 0-215 0-079 0-074 0-046 0-050 0-012 0-009 |
0-140 0-190 0:062 0-048 0-015 f
190 | olyss | 0°155 | (Trod | 0194 | T 0056 | 0Toue | 004 | 0700|0008 |
0-065 0-143 0-028 0-040 — !
34 0-056 0-076 0-145 0-145 0-029 0-026 0-040 0-032 0-008 0-002 |
. 0013 | 0:077 | oo | 0:005 | 0-016 | . — A anr
85 | oioiss | 0°019 | olore | 0:072 | glghe | 0007 | JToie | 04015 | oo | 0-001

8. Results with Thicker Sheets.

(A) Points vertically over the Cable—The variation of field with vertical height was
measured for four different values of D/L, the results being plotted in figs. 6 and 7.
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03 B ]
T VL= 0-189
T « = 0271
W « = 0334
WV + = 0443

02 A

/47

01 —X
\ -

40
Fig. 6. Magnetic field vertically over cable.
| P| = Observed amplitude of field. - H = Height above cable.
Py = Undisturbed field = 2I/H. D = Depth of lead.

L = Wave-length in lead = Vresistivity/frequency.

| |
I /] = 0-189
o . I « =0271
0 o= | : S

20 e M v =0-334
/ V o =0443

150° ot

ot
] I —
¢ /(" e |

- | S B

100° i

5001 3 5 7 9 12
‘ 2D
Fig. 7. Magnetic field vertically over cable.
¢ = Angle of lag behind undisturbed field. H = Height above cable.

I = Wave-length in lead = Wresistivity/frequency. D = Depth of lead.
z 2
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For these values of D/L all we know from theory is the value of P/P, at the surface
and at distant points. (See Chart 8, Plate 4, and equations (18) of Part 1.)

Equation (18) shows that if H be the height above the cable the value of H/D x P/P,
should tend to a constant value as H increases. This test has been applied in the table
below, the results for H/D = 2, 4, 10, being obtained from the experimental curves, and
those for H/D = 1, and infinity being those deduced from theory.

f = Frequency = 596 1230 1870 ' 1230
I} = Depth (em.) = 1-15 1-15 1-15 y 1-88
L= Jplf = 6-10 4-25 3-45 | 425
% == 0-189 0-271 0-334 | 0-443
. — ,' e e . S :
H H P HP He | I'pr |
D D Py Phase. D Py Phase. D Py Phase. ' HP, Phase.
|
’ o l [«] o i ! o
1 0-465 56 | 0-302 8 | 0-214 | 106 | 0-115 | 146
2 056 77 | 0-33 110 | 0-20 136 ‘ 0-080 | 186
4 0-64 93 | 0-30 120 | 0-18 150 | 0-072 | 202
10 0-72 106 | 0-29 136 | 014 | 160 | -
Infinity 0-674 | 116 | 0-300 | 142 | 0-165 | 164 | 0-064 | 204

(B) Points not vertically over the Cable—Seven traverses were made, the particulars
of these traverses being given in the following table :—

Traverse No. . . . . . . . .. 1. 2. 3. 4. D, 6. 7.
Depth of lead—- ‘

Dem. . ... .. ... ... 1-15 1-15 1-15 1-15 1-88 1-15 1-88
Height above cable—

Hem. . . . ... ... ... 225 225 2-25 2-25 3-63 4-90 2-99
Frequency— .

~ persecond . . . . . . .. 596 950 1230 1870 1230 1230 1230
Wave-length in lead—

Lem. . . ... ... .... 6-10 4-83 4-25 3-45 4-25 4-25 4-25
D/L ... ... 0-189 | 0-238 | 0-271 | 0-334¢ | 0-443 | 0-271 | 0-443
HD ..o 1-96 1-96 1-96 1-96 1-93 4-26 1-58

The results for a typical traverse are plotted in figs. 8 and 9. All the other traverses
gave similar curves when plotted in this way. In fact when all the field amplitudes
were expressed in terms of the actual central field (P,), the resulting amplitude curves
almost coincided when the abscisse were x/H instead of x. Thus the mean values
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0-20 |
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o i W
100 e
5 25 25 5 cin.
Figs. 8 and 9. Traverse No. 3. ‘
Depth of lead = 115 cm. Frequency = 1230 -~ per sec.

Height above cable = 2-25 cm. Wave-length in lead = 425 cm.
Py = Undisturbed field vertically over cable.
|Q] = Observed vertical field. |P| Observed horizontal field.
(on either side the cable) of the maximum vertical field were the following fractions of
the central horizontal field :—
—Ql—gﬁ‘ = 0-66 0-66 0:-63 0-63 0:-73 0-70 0-61
1
and their mean positions were given by
]"% = 0-74 0-68 0-64 0-66 0-60 0-66 0-56
According to theory the value and position of Q,../P; for large values of D/L or
for large distances should be

Quax/Pr = 0-650,  @/H = 0-577,
while at low frequencies or in the absence of the conducting sheet
Quax/Py = 0-500,  a/H = 1-00.
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The phase angles when expressed with respect to P, also gave very similar curves
on being plotted against x/H. In particular P and Q were in quadrature in the following
positions *

15121-16 1-06 1-02 0'94 0-87 0-88 0-85.

The theory for large distances gives as the limiting position for this point & = H.
t will be noticed from fig. 8 that the curve representing the vertical field crosses that
representing the horizontal field at four points, two on either side the cable. Denoting
these points by @, #, and considering only one side, we have

x<w, P>Q; T <x<xy, Q>P Ly < 2, P> Q.
Again if in fig. 9 2, is the point where P and Q are in quadrature—
2y < 3 < %y.

These properties are common to all the traverses and the points x,, #,, z; are important
when the field is treated as an elliptically rotating field.

It may be shown that if ¢ is the phase angle by which Q leads P, and « is the inclina-
tion of the axes of the elliptically rotating field,
2PQ cos ¢

P Qe

Thus when P = Q, the elliptic axes are at 45° and 135°. When ¢ = =/2 the elliptic

axes are at 0° and 90°. In the former case the amplitudes of the axes are

X = /2P cos $/2, Y = /2P sin §/2,

the phase of X being ¢/2 ahead of P. In the latter case the amplitudes are of course
P and Q. Paying regard to the phase difference ¢ we therefore have the following
sequence :-—

tan 2« =

=0 Tield horizontal and linear.

0 << Hield elliptic. Inclination of major axis <45°.

x = Major axis at 45° and equal to +/2P cos §/2. Ratio of axes =
tan ¢/2. Phase of major axis = ¢, — ¢ /2 behind current.

x, < < wy; Major axis > 45° and < 90°.

X == Xy Major axis vertical, phase = ¢q. Amplitude = Q. Ratio of axes =
P/Q.

%y < % <y Major axis > 90° and < 135°.

X = Ty Major axis at 135°. Phase = ¢q - ¢ /2 — 90°.  Amplitude ==
V/2P sin /2. Ratio of axis = cot ¢/2.

x>, Major axis > 135° and < 180°.
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The following results have been deduced from the observations of the various
traverses.
Elliptic fields producing measured field components :—

H = height above cable. Xy = undisturbed field at «.
« = horizontal distance. X = amplitude of major axis.
p = actual distance. Y = amplitude of minor axis.
D = depth of lead. « == inclination of major axis.
0 = angular distance from vertical. =~y = phase lag of major axis behind
cable current.
. H | D e 9 P X pt r X
raverse. | - i’ " . D a X, X X DX
1 1:96 | 0-189 | 0 0 | 196 | 0 |o288 | 0 8 1 056
0-48 26 2-18 45 | 0-267 0-14 80 0-63
1-16 48 3-00 90 | 0-240 0-38 89 0-74
2-38 67 5-06 135 | 0-206 0-25 100 1-02
Infinity — — s —- — (116) | (0-67)
5 | 1-96 | 0-238| 0 0 |19 | 0 |0198 | 0 9% | 0-39
0-49 26 2-18 45 | 0-173 0-17 99 0-38
1-06 47 2-86 90 | 0-156 0-34 110 0-44
2-30 67 4-90 135 | 0-080 0-29 133 0-43
Infinity | — — | = — — (131) | (0-41)
3 1-96 0-271 | O 0 1-96 -0 | 0-164 0 109 0-32
0-48 26 2-18 45 | 0-143 0-19 113 0-31
1-02 46 2-80 90 | 0-126 0-30 115 0-35
2-30 67 4-90 135 | 0-062 | -0-24 143 0-30
Infinity — — — — — (142) | (0-30)
4 1-96 0-334| O .0 1-96 0 | 0-102 0 135 0-20
0-46 25 2:16 45 | 0-090 0-13 140 0-19
0-94 43 2-68 90 | 0-078 0-25 145 0-21
2:04 64 4-45 135 | 0-051 0-15 1568 0-23
Infinity | — — —_ — — (164) | (0-165)
) 1-93 0-443 | O 0 1-93 0 |0-0398 | O 187 0-077
0-38 21 2-06 45 | 0-0376 | 0-18 189 0-077
0-87 41 2-55 90 | 0-0324 | 0-25 200 0-083
>2 — — 135 — — — —
Infinity — — — — — (204) | (0-064)
6 4-26 0-271 | O 0 4-26 0 | 0-069 0 128 0-29
0-40 22 4-60 45 | 0-062 0-09 130 0-29
0-88 41 5-67 90 | 0-067 0-14 133 0-32
2-30 67 10-63 135 | 0-029 0-05 143 0-30
Infinity —— — — — — (142) | (0-30)
7 1-58 0-443 | O 0 1-58 0 | 0-056 0 176 0-088
0-40 22 1-71 45 | 0-0475 | 0-14 184 0-081
0-85 40 2-07 90 | 0-0375 | 0-3b 197 0-072
2-0 64 3-54 135 | 0-0190 | 0-12 222 0-067
Infinity | — - —- — — (204) | (0-064)
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The angles in the column headed “ 0 " are the angular directions at which the elliptic
field is inclined at 0°, 45°, 90°, 135° to the horizontal. According to the *“ distant field ”’
theory these angles should settle down to the values 0°, 22-5°, 45°, 67-5°. It is seen
that the observed directions are never more than 5° from these theoretical directions.

The magnitudes of the major axes divided by the magnitude of the undisturbed field
are given in column 8. This ratio may be taken as the ““reduction factor ”* at the point
in question. It is seen that the reduction factor falls continually as we recede from the

cable. Theory indicates that the reduction factor should be such that - . i—g tends to
0

a constant value as the distance o increases. This test is applied in the last column,

the theoretical value being given at the foot of the column. The values of I% ‘ % are
' 0

fairly constant for each traverse and of the same order as the theoretical limiting value.

The constancy of ]-P) —;—é indicates that the field is varying inversely as the square of
0

distance since X, varies inversely as the distance.

The ellipticity of the field as measured by the ratio of the minor to the major axis
is given in column 9. It is seen that it is greatest in the neighbourhood of the vertical
field and increases on approaching the surface. There appears to be a diminution with
increase of D/L at a constant vertical height. The maximum recorded ellipticity is
0-38, when D/L = 0-19.

The phase lag y is given in column (9). This angle appears in general to be tending
satisfactorily towards the limiting theoretical value. The whole change of phase is
not large and becomes less as D/L increases for a given vertical height. This again is
in accordance with theory, which shows that at low frequencies the whole phase change
from the surface point vertically over the cable to distant points is 90°, while at high
frequencies it is 45°, and further shows that the region of application of the * distant ”
theory approaches the surface point as the frequency increases.

The following table compares reduction factors and phase angles with the corre-
sponding quantities at the vertical point as read off from figs. 6 and 7.

-2 X X o X X

;22 204t 6, p. 204t 0, p. | A 209t 6,p. | Z—ato, p.
Sl D , , X at o, p 3 at U, p s | D P , X at o, p roa P
] — . = 4 feog . .

2] L S LD -

j & Amp. !Phase. Amp. [Phase.|| = Amp. IPhase. Amp. Phase.:
1] 019|218 | 26| 0-267| 80 | 0-267 80 | 4|0-33 95 | 0-098 140 | 0-092| 138

6
8 | 43 | 0-078) 145 | 0-074| 142
5

2-1
3:00 | 48 | 0-240] 89 | 0-208| 87 2:6
4-45 | 64 | 0-051] 1568 | 0-039 152

5:06 | 67 | 0-206) 100 | 0-132) 98

ot

03027 | 2:18 | 26 | 0-143] 113 | 0-154] 112 0-44 | 2-06 | 21 | 0-038] 189 | 0-038; 186
; 2:80 | 46 | 0-126] 115 | 0-111] 120 2-55 | 41 | 0-032] 200 | 0-029) 193
4+90 | 67 | 0-062] 143 | 0-061, 131 -,

16027 460 | 22 0-062| 130 | 0-065| 130 710-44 17

|

} 1|22 0-048 184 | 0-050, 179
| 5+67 | 41 | 0-057 133 | 0-051| 133 | 2-07 | 40 | 0-038] 197 | 0-038 186 |
) 4| 64 | 0-019| 222 | 0-020 200

10-63 | 67 | 0-029] 143 | 0-025] 137 3D
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This table shows that we are not far from the truth if we assume that the amplitude
and phase of the field are functions only of distance and not of direction.

ITI. ComparisON oF THEORY WITH SEA-OBSERVATIONS.

1. An exhaustive research on the field distribution above a submarine cable carrying
alternating currents has been carried out by Dr. C. V. DRYSDALE on the Gareloch.* I
am indebted to him for having access to his experimental results before publication.
The cable used was a twin core armoured cable, each core consisting of 19/24 copper
wire and armoured with 22 No. 12 steel wires, the external diameter of the cable being
approximately 1 inch. Tts length was about 3 miles, its distance from the eastern shore
of the loch was about 300 yards, the whole width of the loch being about 1500 yards
in the region of the observations and the depth of immersion of the cable about 72 feet.
In the discussion of the results it is sometimes necessary to distinguish between observa-
tions on the shore side of the cable and observations in the region beyond the cable.
These two regions are denoted in the succeeding tables by “ S and “ I' ” respectively.

It is also necessary to consider the absorption of energy, by the cable armouring as
the observed fields will differ from the undisturbed field due to the current in the cable
core not only because of the distorting effect of the sea-water but also because of the
eddy currents induced in the armouring of the cable. In order to distinguish between
these two effects Dr. Drysdale measured the effective current producing the field outside
the cable sheath and expressed all his results in terms of this current.

The corrections to be applied to the core current in order to allow for the effect of
the armour are given in the following table :—

Effective Current.
~ Core Current.
Frequency
— per second. Experimental. Theoretical.
Amplitude. Phase Lag. Amplitude. Phase Lag.
o o
15 0-78 16 1-00 10
50 0-59 39 0-89 34
120 0-45 50 0-60 60
250 0-30 61 0-33 77
! 500 0-17 76 0-18 82
i

- The theoretical results have been calculated from the dimensions of the cable by the
method of OLDENBURG.T It is important to notice the large discrepancy between theory
and observation at the lower frequencies. '
* See preceding paper.
T ¢ Archiv fur Elecktrotechnik,” IX, vol. 7, p. 289 (1920),
VOL. CCXXIV.—A. : 2 A
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2. Observations above the Surface of the Sea.

The amplitude and phase of the horizontal and vertical components of the field were
measured at heights of approximately 35, 20 and 10 feet above the surface, the observa-
tions covering a range of approximately 200 yards on either side the cable. From
these observations the nature of the elliptically rotating field was deduced for each
point. Measurements were made for five different frequencies, viz. :—15, 50, 120, 250
and 500 cycles per second, and as about 50 points were taken for each frequency there
are about 250 groups of observations available for comparison for theory.

However, since the accuracy of observation naturally falls off as we recede from the
cable and as a point by point comparison would involve too much labour, a system of
averaging has been adopted.

Let X = major field, Y = minor field.
« = inclination of major axis to horizontal.

¢ = phase lag of X behind effective current at a point distance ¢ from the cable
and inclined at an angle 0.

Also let X, = undisturbed field calculated from
XO = 2]:/\07

where I is the effective current. .

Then the ratio X /X, tells us how much the field is reduced at any point, and will
therefore be referred to as the reduction factor (R).

Y/X measures the ellipticity of the field (E).

The two quantities R and E together with the inclination « and the phase lag ¢ give
the simplest possible complete specification of the field. With the exception of certain
observations at a frequency of 120 cycles per second and on the shore side of the cable,
both theory and experiment agree in the following main properties of the field throughout
the range of observations :—

(1) The reduction factor R is almost independent of position.

© (2) The ellipticity 1 increases almost uniformly up to about 0 == 60° then passes
through a maximum and falls to zero at large distances.

(8) The major axis of the field passes from horizontal to vertical and then tends to
become horizontal again as we proceed horizontally outwards. Throughout this
change « increases almost uniformly with 0. '

(4) The change of phase is small until 9 exceeds 60° and then tends to a constant
value at large distances.
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The following tables illustrate the above properties and afford a quantitative com-
parison between theory and observation :—
Repuction Factor.

Hxperimental. Theoretical.
Frequency. | Depth. | Height. | Central R.| Mean R. | Depth. Heig}lt. 2 =0 |y 0 |00
Feet. Feet. Foet. Feet.
15 70 33 117 {Hgi |
7 20 1-18 {Hé% 72 95 | 08t | 083 | 0-80
73 12 1-85 {}gés’,
50 % | 83 | 0-94 {2:8‘3 S
‘ 76 20 112 0S| ™ 95 | 065 | 060 | 0-51
74 9 1-21 {Hgg
120 74 35 0-56 o8
7 20 | 058 {8:%% 12 | 95 | 047 | 034 | 02
76 10 0-67 {(1):‘7)(13 8
250 75 36 0-42 {8:?;2%
| 75 20 0-45 — 72 %5 | 083 | — | —
0 10 0-57 oo s
500 78 35 0-16 {8}; s
70 20 | 022 {8:3;% 72 o5 | 022 | — | —
| b 10 0-22 {8:;’? s

The observations as they stand indicate that the field is strengthened instead of
weakened at the lower frequencies. If, however, we make use of the armouring
2 A2
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corrections and multiply the experimental reduction factor R for the sea by the experi-
mental reduction factor Ra for the armouring and the theoretical reduction factor for
the sea by the theoretical reduction factor for the armouring we obtain the following
central values :—

Frequency = 15 50 120 250 500

‘Whole reduction factor—
Theoretical = 0-84 0-58 0-28 0-11 0-040
Observed = 0-92 0:66 0-26 0-135 0-036

and the discrepancy has almost disappeared.

Now the experimental correction has cancelled out the experimentally observed
armouring effects so from this it appears that the abnormal results at the lower
frequencies may be due to some error in determining the reduction due to the armouring.

ErvipriciTy.
Theoretical. Max. E.
Frequency. EXPMe;‘:;l%ltal'
Value. Angular Position.
15 0-23 0-51 86
50 0-22 0-43 78
120 0-14 0-36 70
250 0-27 — —
500 0-36 — —

Here the mean values are taken over all the traverses as the individual variations
did not permit more refined treatment. It is seen that the mean ellipticities are
approximately half the theoretical maxima and as the latter all occur on the outer fringe
of the observations, theory and experiment are in agreement.

Inclination of Magjor Axis.

The observations indicated almost a straight line law for « when plotted against
angular position 6. The slope of the curve is fixed by the point where the ellipse is
vertical. ,

Frequency =15 50 120 250 500

Angular position of vertical ellipse—
Theoretical 68° 62° 52-5° — —
Experimental 67° 63° 51° 44°  29°
The straight line law cannot hold, however, for all distances, as according to theory

the value of « should tend to 180° at 6=90° for all frequencies. However, the region
of pronounced curvature lies outside the range of observation.
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~1

Phase Lag of Major Axvs of Elliptic Field.

The results have been treated in the same way as those for the reduction factor. The
table gives the observed phases vertically over the cable and the mean values of the
phases measured on the shore side (S) and the far side (F). On the theoretical side the
central phase and the ultimate phase angle distant points are given, while the manner
in which the phase changes from the vertical point is indicated by calculating the phase
at the point where the elliptic field is vertical. These results are entered in the column
headed ¢y.

A A

OF

A

OF

The heights and depths to which these results correspond are given in the Reduction
Factor table above.
PrASE Lac ¢.
Experimental. Theoretical.
Frequency.
¢ Central. ¢ Mean. ¢ Central. Py, ¢ Ultimate.
o 4:': S ' o ) o o
6 ‘{17 F
108
15 ‘ 7 13F 15 19 92
88
8 18 F
45 8
12 22 F
45 8 :
50 16 39F 30 44 97
38 S
12 26 T
225 S
40 92 F
181 S
120 43 73 F 44 54 107
164 S
45 L 6LF
63 8
52 61 F
250 62 — 66 — 125
688
68 {72 F
84 8
20 101 F
92 S ‘
500 94 100 F 96 — 151
106 S
140 129 F
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The tables in general show that the agreement between theory and observation is
fairly good except in the case of the results at a frequency of 120 cycles. In this case
there is a remarkable asymmetry in the field, the distribution on the shore side being
quite abnormal.

In all three traverses the observations on the shore side of the cable gave a stronger
field, a more rapid change of phase and inclination and a marked reduction in ellipticity
as compared with corresponding observations on the far side of the cable. In two of
the traverses the field actually increased as the shore was approached and always the
field was stronger than that due to a cable at a corresponding distance in free air. All
these phenomena appear to point to some disturbance in the neighbourhood of the shore
and above the surface of the sea.

3. Observations below the Surface of the Sea.

Below the surface of the sea the observations included not only the magnitude of
the field, but also the amplitude and phase of the current density. Theory can only
be applied for points vertically above the cable.

The comparisons are given in the following tables :—

MagexneTIC FIELD.

Experimental. Theoretical. %
1
Height — !
Frequency. Depth. above % able.
X ¢ X b
X, X,
Feet. Feet. © : °
15 : 72 44 1-27 0 1-09 4
. 52 1-27 4 1-09 7
65 1-33 6 1-11 9
50 75 44 1-92 6 1-10 7
55 1-44 0 1-05 10
68 1-30 6 0-85 18
120 75 45 1-10 . 16 1-02 12
55 0-96 - 22 0-88 18
i 70 0-84 35 0-68 33
250 72 42 1-41 10 0-95 20
52 1-01 20 0-83 27
68 0-62 40 0-52 50
500 76 46 0-98 40 0-82 40
56 0-97 40 0-67 51
71 0-43 72 0-37 77

X == Actual field.
X, == Undisturbed field.
¢ = Phase lag of field behind effective cable current.


http://rsta.royalsocietypublishing.org/

A

\

A
ya

/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

/

AL

/,

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

AND RETURN CURRENT ROUND A SUBMARINE CABLE, ETC. 179

CurrenT DENSITY.

| o
Experimental. Theoretical.
Height
Frequency. Depth. above gCable. . .
—;-x 108, . %x 108, ¢.
______ | )
Feet. Feet. i ° ' °

15 72 44 2-3 117 26 108

52 2-92 120 2.6 111
65 1-8 124 2.0 1n4
50 (0 , 44 5-3 113 44 123 |
55 4.2 122 4.0 180 |

68 35 127 3-3 133

120 75 45 6-3 140 6-3 138

55 5-0 147 55 148
70 46 155 4-3 155
950 72 42 89 140 88 152
52 7-8 154 7-2 164
68 39 164 5-8 7T
500 76 46 89 172 9-1 o
56 81 181 7-3 193
7 49 204 57 211

7 == current density in sea (amperes per sq. cim.).
T = effective cable current (amperes).
¢ == phase lag of ¢ behind I.

The agreement in regard to phase and current density is good, but all the observed
fields are greater than the theoretical ones.

It should be noted that agreement in regard to field can be obtained if the experimental
armouring corrections are replaced by the theoretical ones, but this alteration would
cause the theoretical and experimental current densities to disagree. |
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APPENDIX.—TABLES.

TasLe I.—Wave-length (L) of electro-magnetic waves in sea-water of resistivity
25 ohms. per cm. cubes.

2000

j s

| I

‘ Frequency - per second ’ 10 | 20 ‘ 50 | 100 i 250 [ 500 l 1000

l Wave-length (metres) . .| 500 t 354 j 994 | 158 ) 100

) ; . | |

Tasie II.—Field at points vertically over cable. D/L < 0-2.
D = Depth of sea. L = Wave-length in sea. PI = Quadrature component of field.

H = Height above cable. § = 4=% DH/L2. Py = Undisturbed field at height H.
PR = In—phase component of field. gb = Lag of P behind Po

B PR/P., { —P,/P,. | P] /Po .

0-0 1-0000 0 1-000 0

0-1 0-8709 0-1866 0-891 12-1

0-2 0-7726 0-2588 0-815 18-5

0-3 0-6928 0-2989 0-751 23-3

0-4 0-6262 0-3225 0-704 27-2

0-5 0-5696 0-3364 0-662 30-6

0-6 0-5209 0-3439 0-624 334

0-7 0-4784 0-3473 0-590 36-0

0-8 0-4410 0-3478 0-561 38-3

0-9 0-4080 0-3463 0-535 40-3

1-0 0-3786 0-3434 0-512 42-2

2:0 0-2020 0-2891 0-353 bb-1

3-0 0-1241 0-2378 0:268 62-4

4-0 0-0832 0-1987 0-216 67-2

5-0 0-0593 0-1695 0-180 706

6-0 0-0442 0-1472 0-153 73-3 ‘

70 - 0-0340 0-1297 0-135 75-3 |

8-0 0-0270 0-1157 0-119 76-8

9:0 0-0218 0-1043 0-106 782 s’
! 10-0 | 0-0183 0-0949 0-096 79-1 |
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Tasre IIl.-—Field on surface of lamina. D/L < 0-2.

Q, = Undisturbed field. Qr = In-phase component of vertical field.
Q; = Quadrature component of vertical field.

Py = In-phase component of horizontal field.

P, = Quadrature component of horizontal field.
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2 = 4n® Dz/L? = horizontal distance from cable.

- QW | P P R N e I
0-1 40-973 | 4-0-142 40174 2:0 —0-082 | +0-425 | —0-309
0-2 0-916 0-257 0-214 2:2 0-068 0-382 0-330
0-3 0-865 0-349 0-217 2:4 0-096 0-341 0-346
0-4 0-796 0-421 0-196 2:6 0-118 0-304 0-351
0-b 0-700 0-476 0-162 2-8 0-129 0-266 0-3b3
0-6 0-625 0-517 0-122 3-0 0-135 0-234 0-348
0-7 0-6b1 0-546 0-078 4-0 0-132 0-115 0-308
0-8 0-4381 0-565 +0-034 5-0 0-100 0-063 0-250
0-9 0-415 0-575 —0-009 6-0 0-076 0-023 0-204
1-0 0-3563 0-578 0-050 7-0 0-051 0-010 0-171
1-2 0-244 0-567 0-125 8:0 0-040 0-004 0-143
1-4 0-151 0-543 0-185 9:0 0-031 0-002 0-123
1-6 0-075 0-509 0-242 10-0 —0-023 -+0-001 —0-108
1-8 +0-014 0-468 0-281

2-0 —0-032 -+0-425 —0-309

o
o

VOL. CCXXIV.—A.
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